The ground state and transport properties of the Lieb lattice flat band in the presence of an attractive Hubbard interaction are considered. It is shown that the superfluid weight can be large even for an isolated and strictly flat band. Moreover the superfluid weight is proportional to the interaction strength and to the quantum metric, a band structure quantity derived solely from the flat-band Bloch functions. These predictions are amenable to verification with ultracold gases and may explain the anomalous behaviour of the superfluid weight of high-Tc superconductors.
A flat band is a Bloch band with constant energy dispersion ε nk ≈ ε n (n is the band index) as a function of quasi-momentum k and is composed of localized eigenstates. In absence of disorder and interactions the ground state of a flat band is insulating at any filling [1] . However, interactions and disorder lead to a reconstruction of the ground state whose properties are often hard to predict. Bands that are nearly flat and/or feature nontrivial topological invariant, similar to Landau levels producing the quantum Hall effects [2] [3] [4] , have been considered in recent theoretical works [5] [6] [7] [8] [9] [10] [11] [12] and can be realized in ultracold gas experiments [13] [14] [15] . Flat-band ferromagnetism has been studied first by Lieb [16] and, subsequently, by Tasaki and Mielke [17] [18] [19] [20] . More recently it has been shown that the high density of states of flat bands enhances the superconducting critical temperature [21, 22] . Indeed, for fixed interaction strength, the flat-band dispersion provides the maximal critical temperature within mean-field BCS theory [23] .
Flat bands, or quasi-flat bands, can be realized in bipartite lattices [16] and other models [6-8, 20, 24] . A simple bipartite lattice featuring a strictly flat band is the Lieb lattice [ Fig. 1(a) ]. Recent studies on models defined on the Lieb lattice focus on the ferromagnetic and topological properties [27] [28] [29] [30] [31] [32] [33] , while superconductivity has been studied in Refs. [30, 34] . On the experimental side, a highly tunable Lieb lattice has been realized with ultracold gases [35] . Intriguingly, the CuO 2 planes responsible for the exotic properties of high-T c cuprate superconductors have the Lieb lattice structure. Thus a Hubbard model on the Lieb lattice [36] [37] [38] is a natural, and possibly indispensable [39] [40] [41] , extension of the single-band Hubbard model more commonly used [42] .
The important question of whether an isolated strictly flat band can support superfluid transport is open. Its answer is of interest for ongoing ultracold gas experiments and may have important implications for the theory of superconductivity. Meissner effect and dissipationless transport are manifestations of a finite superfluid weight that in conventional superconductors at zero temperature reads D s = n p /m eff , with n p the particle density and m eff the band effective mass. Interestingly, the superfluid weight of a flat band is not necessarily vanishing, as suggested by m eff → +∞, but proportional to the quantum metric [43] . Flat bands with nonzero Chern number C (the topological index of Landau levels) have nonzero superfluid weight due to the bound D s ≥ |C|.
For a large class of Hamiltonians defined on the Lieb lattice the flat band has C = 0 [44] . Lower bounds on D s are not available at present for topologically trivial bands or bands characterized by other topological invariants than the Chern number.
Here we consider a tight-binding model with attractive . We find that D s | f.b. depends on the flat-band Bloch functions through the quantum metric. This is called a "geometric"contribution distinct from the "conventional"contribution, which depends only on the derivatives of ε nk [43] . Only the latter is accounted for when evaluating the superfluid weight of known superconductors [45, 46] . Importantly, the energy scale of the geometric contribution is the coupling constant U , at odds with the conventional result D s = n p /m eff ∝ J, where J is the characteristic hopping energy in a tight-binding Hamiltonian. We identify the regimes where D s | f.b. dominates over the term D s | o.b. , which includes the conventional and geometric contributions of other bands. These results are obtained with mean-field BCS theory. The validity of BCS theory is rigorously justified by showing that, in the isolated flat-band limit, the BCS wavefunction is exact for any bipartite lattice. Furthermore we compare the BCS predictions for the pairing order parameters and the superfluid weight, respectively, with dynamical mean-field theory (DMFT) and exact diagonalization (ED), finding good agreement even when the flat band is not isolated. 
where a k = cos T ] and the operatorĉ iασ annihilates a fermion with spin σ =↑, ↓ in the orbital centered at r iα . By solving the eigenvalue problem H k |g nk = ε nk |g nk one obtains the Bloch functions |g nk and the band dispersions ε nk (n = 0, ±). The middle band is strictly flat (ε n=0,k = 0) for any value of the staggered-hopping parameter δ and isolated from the other bands by an energy gap E gap = √ 8Jδ. As in Ref. [34] , the interaction term
, where U > 0 and n iασ =ĉ † iασĉ iασ , is approximated by mean-field pairing ∆ α = −U ĉ iα↓ĉiα↑ and Hartree potentials n α = n iασ
The equivalence of orbitals A and C implies ∆ A = ∆ C and n A = n C . From the zero-temperature gap equations at half-filling ν = α n α = 3/2 one finds ∆ A = U/4 and ∆ B = 0 at leading order in U/J [47] . Exactness of BCS wavefunction for a flat band -Lieb theorem [16] states that the ground state at half-filling of a bipartite lattice with repulsive Hubbard interaction has total spin S = N c N f.b. /2, where N f.b. is the number of flat bands and N c the number unit cells. The Lieb lattice has N f.b. = 1 and if U E gap , the completely filled lower band can be neglected at half-filling. The ferromagnetic wavefunctions |Ferro = k ud † 0k↓ +vd † 0k↑ |∅ , parametrized by u, v with |u| 2 + |v| 2 = 1, have total spin S and therefore are the only ground states. Here the operator d † n=0,kσ creates a fermion within the flat band. A repulsive Hubbard model on a bipartite lattice can be mapped by a particle-hole transformation into an attractive one [4] . Under this transformation the state |Ferro is mapped into a BCS wavefunction |BCS = k u + vd † 0k↑ d † 0(−k)↓ |∅ and the spin operator along the z−axisŜ
. The expectation value α∆ z iα = ν − 3/2 gives the filling ν. Therefore the BCS wavefunction is the exact ground state for arbitrary flat band filling. This result is easily extended to any bipartite lattice. Consistently with this result, the numerical data obtained with DMFT and ED converge to the predictions of BCS theory for small U and partially filled flat band, as we show below and in Ref. [47] .
Comparison with DMFT -To investigate the accuracy of BCS theory also for a non-isolated flat band, we compare it in Fig. 2 against DMFT with respect to the pairing potentials (order parameters) ∆ A [ Fig. 2 (a) ] and ∆ B [ Fig. 2 (b) ] as a function of δ at half filling. We use cellular dynamical mean-field theory [49, 50] with continuoustime interaction-expansion impurity solver [51, 52] , which treats correlations exactly within the three-site unit cell and goes beyond mean-field BCS theory. For small δ, DMFT is in good agreement with BCS, especially regarding ∆ A . The results for large δ are discussed below. In particular, both methods show that, even when δ = E gap = 0, pairing is dominated by the flat band and the effect of the other bands is small. Superfluid weight -The superfluid weight is defined as the change in free energy density ∆f =
2 due to the winding with wavevector q of the order parameter phase ∆(r) = ∆e 2iq·r . The superfluid weight obtained from multiband BCS theory is shown in Fig. 3 as a function of coupling U and filling ν for zero temperature and δ = 10 −3 [47] . The Hartree term of Eq. (2) is needed for preserving the SU (2) symmetry that allows to calculate D s for arbitrary flat band fillings [34] . This symmetry corresponds, under the particle-hole transformation, to the spin rotational symmetry of the repulsive Hubbard model. For δ = 0, the superfluid weight tensor acquires nonzero off-diagonal components [ Fig. 3 is that, for partially filled dispersive bands, D s is finite and roughly constant as a function of U , while the superfluid weight within the flat band depends strongly on U and has a nonmonotonic behavior [see also Fig. 4(a) ]. This is consistent with the fact that superconductivity in the dispersive bands emerges from a metallic state with nonzero Drude weight which is the U → 0 limit of D s at zero temperature [53, 54] . On the contrary, superconductivity in the flat band smoothly emerges with increasing U from an insulating state with zero Drude weight. Notably, the superfluid weight of a topologically trivial flat band can be nonzero and larger than the one of dispersive bands in the same model. This peculiar behaviour is a consequence of the geometric origin of flat-band superfluidity. The total superfluid weight can be split in conventional and geometric contributions D s = D s,conv + D s,geom . The conventional contribution D s,conv ∝ J depends only on the derivatives of the dispersions ε nk while the geometric one D s,geom ∝ ∆ A includes derivatives of the Bloch functions |g nk [47] . 
where
is the Brillouin-zone integral of the flat-band quantum metric Re B ij (k)| f.b. . The quantum metric is defined as the real part of the quantum geometric tensor [1, 25, 26] 
It is worth mentioning that the same quantity M R appears in the theory of the polarization [1, 55] and current [56] fluctuations in band insulators.
The strong dependence of D s on U for a partially filled flat band originates from the geometric term as shown in Figs In order to confirm the behavior of D s observed in the mean-field calculations, we compute the Drude weight D by using ED on periodic finite-size clusters of 12, 18, and 24 sites [13, 47] . In the bulk limit D is equivalent to D s for gapped systems [53, 54, 58] . Figs. 4(a)-(b) show that D s from BCS theory is in good agreement with ED results. In particular, at half filling (ν = 1.5), the sharp increase of D for 0 ≤ U 4J becomes clearer with increasing cluster size. It is also peaked at U ∼ 4J and decreases when U further increases, confirming the overall behavior of the mean-field D s . The drastic difference between ν = 1.5 and 2.5 in the small U limit is also confirmed by ED. The finite D for ν = 2.5 at small coupling shows very weak dependence on U for cluster size up to 24 sites.
In Figs becomes zero and superfluidity is lost, consistently with the fact that the unit cells become decoupled [see Fig. 1(a) ]. In contrast to mean-field theory, DMFT captures this behavior already at the level of the order parameter, as seen in Fig. 2 . Discussion -The main result of this work is that topologically trivial flat bands are promising for high-T c superconductivity, in the same way as topologically nontrivial ones. Indeed a flat band allows to optimize not only the BCS critical temperature [23] , but also the superfluid weight [see Figs. 4(a)-(b) ]. The superfluid weight affects the critical temperature in two dimensions through the Berezinsky-Kosterlitz-Thouless (BKT) transition. We show that the superfluid weight has geometric origin, i.e. it is proportional to the quantum metric of the flat band [Eqs. (3)- (4)]. The fingerprint of the geometric origin is the strong dependence of D s on the coupling constant U , possibly observable in ultracold gases where interactions are tunable.
Achieving the superfluid phase of an ultracold gas in an optical lattice is difficult, due to the still too high temperatures (specific entropies) currently attainable [59, 60] . We find the BKT transition temperature in the Lieb lattice to be k B T c,BKT = 0.133J [47] at the optimal coupling U ≈ 4J [ Fig. 4(a) ]. It can be compared with the optimal Néel temperature for the 3D repulsive Fermi-Hubbard model k B T Néel = 0.333(7)J [61] , which is at the verge of experimental capabilities [60] . The critical temperatures are substantially higher in three dimensions where, in contrast to the BKT estimate in 2D, one can use the BCS one: k B T c,BCS ≈ 0.5 − 0.8J for U ≈ 4J, and ν = 1.5 in our model. The flat band optimizes the critical temperature, indeed T c,BKT for the flat-band superfluid is twice as high compared to the dispersive bands in our model.
In the solid state context the geometric contribution to the superfluid weight is expected to be larger for superconductors with high-T c and provides a possible explanation of the linear relation between superfluid weight and critical temperature in cuprates (Uemura relation [62, 63] ) since D s,geom ∝ ∆ ∝ T c . We expect D s, geom to be significant in models with nontrivial Bloch functions also with the different pairing symmetries found in high-T c superconductors, whose incorporation to our theory for the superfluid weight is an important topic of future research. In order to calculate the superfluid weight we use the multiband BCS theory developed in Ref. [1] , which is a meanfield approach, with the difference that we take into account the Hartree potentials n α = n iασ (α ∈ {A, B, C}) of Eq. (2) in the main text, as explained below. Furthermore, the Lieb lattice geometry and band structure are used. The general procedure is repeated here for completeness. The starting point is the Bogoliubov-de Gennes HamiltonianH k (q) in the presence of a pairing amplitude ∆(r) = ∆e 2iq·r with finite phase winding given by the wavevector q. This nonuniform phase describes a state with a finite supercurrent. The corresponding Bogoliubov-de Gennes Hamiltonian is
Note that the Bogoliubov-de Gennes Hamiltonian is a 2 × 2 block matrix, where the diagonal matrices of the band dispersions ε k = diag(ε nk ) and the unitary matrix of the Bloch functions g nk (α) = [G k ] α,n are obtained by diagonalizing the kinetic single-particle Hamiltonian
for the matrix elements of a matrix M is used throughout. The kinetic single-particle Hamiltonian reads
This is the same as Eq. (1) in the main text with the only difference that the Hartree potential γ α = −U/J(n α − 1/2) has been included. Then the energy dispersions and the Bloch functions in the presence of a finite Hartree term are
Note that the Hartree potential has the effect of shifting the flat band energy, but the flat-band Bloch functions (the middle column of Eq. (9)) are unaffected.
In general the pairing potentials ∆ α and the Hartree potentials n α have to be found self-consistently for any value of q. According to Ref. [1] it is necessary to find the self-consistent solution only for q = 0 in order to calculate the superfluid density. The diagonalization of Eq. (5) for q = 0 provides the quasiparticle energies (E nk ) and wavefunctions
with
and
We use the notation U k , V k for the blocks of W k (q = 0) as a reminder that these are the generalization for a multiband Bogoliubov-de Gennes Hamiltonian of the usual BCS coherence factors u k , v k [2] . In Eq. (11) the diagonal matrix E > k contains the positive quasiparticle energies E nk ≥ 0.
General expression for the superfluid weight tensor in a multiband system
For convenience we define the following quantities:
Using these definitions it is possible to derive the following result for the superfluid weight tensor [
The superfluid weight tensor is defined as the derivatives with respect to q of the grand potential Ω(µ, T, ∆, q) and V is the system volume (area in 2D). We use here a different notation than in Ref. [1] : the conventional contribution to the superfluid weight D s,conv is called D s,1 in Ref. [1] , while the geometric one D s,geom corresponds to D s,2 + D s,3 in the same reference. The conventional contribution is distinguished by the fact that only the derivatives of the band dispersion enter in Eq. (17) , while in the geometric one also the derivatives of the Bloch functions appear through the quantities
, where D k (q) is defined in Eq. (13) . Moreover, the only energy scale of the conventional contribution is the hopping energy J, which is the scale of the band dispersion ε k . On the other hand, D s,geom depends also on the energy gaps ∆ α again through D k (q).
Changing the filling within the flat band
As the formulas for the superfluid weight are derived in the grand canonical ensemble, the chemical potential µ is fixed rather than the total filling ν = α n α . In case of dispersive bands we can scan the filling by simply changing the chemical potential. However, in case of the flat band the same chemical potential µ = 0 corresponds to an arbitrary partial filling of the flat band, namely the filling ν(µ) as a function of µ is discontinuous at µ = 0. In order to obtain the superfluid weight as a function of filling presented in Fig. 3 of the main text, we exploit the fact that once a self-consistent solution for µ = 0 is found, which corresponds to a partially filled flat band, it is possible to obtain another self-consistent solution by an arbitrary rotation of the following three dimensional vectors [3] 
The rotation is the same for all sublattices labelled by α. This is a fundamental symmetry of any bipartite lattice and it can be better appreciated by performing the particle-hole transformation introduced by Emery that maps the attractive Hubbard model into the repulsive one [4] . In the case of the repulsive Hubbard model, this symmetry corresponds to rotations of the magnetization vector. Note that this symmetry holds only if the pairing potentials ∆ α and Hartree potentials n α are treated on an equal footing. This is the reason to introduce the Hartree potential. By employing this symmetry, we are able to obtain the superfluid weight for any filling of the flat band.
Analytical results for half-filled flat band
In general we adopt a fully numerical approach to solve the self-consistent equations given in Ref. [1] and evaluate the superfluid weight from Eqs. (16)- (18) . However, it turns out that an analytical solution can be found when the flat band is half-filled. The theorem of Ref. [5] guarantees that the Hartree potential vanishes precisely at half-filling (n α − 1/2 = 0 = γ α ). The quasiparticle energies, the eigenvalues of (5), take a very simple form at half filling
Correspondingly, the unitary matrix W k that diagonalizes the BdG Hamiltonian reads
Here the coefficients of U k and V k take precisely the form of BCS coherence factors
Away from half-filling the block stucture of U k and V k survives, namely the flat band, which corresponds to the middle 1 × 1 block in Eq. (21), is decoupled from the other bands for any filling and the corresponding 2 × 2 Bogoliubov-de Gennes Hamiltonian can be trivially solved. This is a peculiar feature of our model, which implies that there is a flat band of quasiparticle excitations. Given the above results for the eigenvectors W k and the eigenvalues E nk , the only ingredient needed for the evaluation of the superfluid weight are the derivatives of the matrix D k (q) = −G † k−q ∆G k+q . Let us introduce a two-component complex spinor |s k and its partner obtained by time-reversal symmetry |s k
Here T = iσ y C is the time reversal operator and C is the complex conjugate operator. It follows from the definitions that s k |s k = 0. The spinor |s k is a purely formal construction and does not have any direct physical meaning. Using these definitions the matrix G † k1 ∆G k2 can be represented as
Note that the matrix G † k1 ∆G k2 is the sum of two terms proportional to the order parameters ∆ A and ∆ B , respectively. Only the term proportional to ∆ A depends on the wavevectors k 1,2 . Therefore the derivatives of the matrix D k (q) = −G † k−q ∆G k+q are equal to the derivatives of D k (q) = −∆ A G † k−q G k+q , i.e. one can set ∆ B = ∆ A for the purpose of calculating derivatives. As shown in Ref. [1] , this provides a number of simplifications. As a consequence only the energy scale ∆ A = ∆ C enters in the geometric contribution to the superfluid weight, but not ∆ B . Another advantage of Eq. (24) is that the calculation of the derivatives of the six independent matrix elements of a 3 × 3 hermitian matrix is reduced to the calculation of the derivatives of only two quantities, namely s k1 |s k2 = s k1 |s k2 * and s k1 |s k2 = − s k1 |s k2 * . The quantum geometric tensor of the flat band reads in the spinor notation
The real part of the quantum geometric tensor B ij (k) is called the quantum metric.
Gap equations at half filling
Using Eqs. (21)- (22) and the general results of Ref. [1] one obtains the gap equations
Here N c is the number of unit cells in the lattice. In the zero temperature limit (t +,k → 1, tanh(β∆ A /2) → 1 , t −,k → 0) the gap equations read
The gap equations for the two order parameters ∆ A and ∆ B are coupled since ∆ s = (∆ A + ∆ B )/2. The flat band provides k-independent terms in the gap equations for the order parameter ∆ A = ∆ C , namely the term
in Eq. (26) and U 4 in Eq. (29) (highlighted in red). It makes sense that the the flat band enters only in the equations for the order parameter ∆ A , but not ∆ B , since the flat band is composed of states that are localized in the A, C sublattices [3] . From the zero temperature gap equations the asymptotic behaviour of the order parameters for small U is derived
The constant I(δ) is defined by
For the value δ = 10 −3 used in most of the calculations one obtains I(δ) ≈ 0.64 . The leading order result for ∆ A = n φ U/2 agrees with the general result in the isolated flat-band case [1] , where n −1 φ = 2 is the number of orbitals (sublattices) on which the flat-band states have nonvanishing amplitude.
Superfluid weight at half filling
Using Eqs. (21)- (22) and after a straightforward but tedious calculation, one can derive the following expression for the superfluid weight as a summation (integral) of a function of k over the whole Brillouin zone (A = N c a 2 is the system area, a the lattice constant)
where the functions f (k) and g(k) are defined as
One can distinguish two gauge-invariant superfluid weight contributions. The conventional contribution D s,conv is the one given by the first two terms in square brackets in Eq. (33) (first line). At half-filling this contribution is highly suppressed due to the vanishing density of states of the dispersive bands as it can be seen in Figs . Formally, one considers the isolated flat-band limit 0 < U J δ < 1 which means that pairing occurs in the flat band only. In this limit one can set sin φ k = t −,k = 0 and all terms of order ∆ A /E ±,k ≈ U/(Jδ) are discarded. Then one obtains
If the term corresponding to the upper and lower bands is neglected, the gap equation (26) 2 . This result has been used in the last equality of Eq. (36) . Eq. (36) is consistent with the general result for the superfluid weight at finite temperature in the flat-band limit as provided in Ref. [1] . This is rather surprising since one assumption has been made in the derivation of this result in Ref. [1] , namely that the order parameters are all equal ∆ α = ∆, but this condition is not satisfied in the case of the Lieb lattice where ∆ A = ∆ C = ∆ B . This can be traced back to the fact that when the derivatives of Eq. (24) are taken all the terms proportional to ∆ B drop out. Eq. (36) can be extended away from half-filling by using the block structure of the Bogoliubov de-Gennes Hamiltonian (5) (see also Eq. (21)). The result is
with the quasiparticle energy given by E 0,k = E 0 = µ 2 + ∆ 2 A . The staggered hopping parametrized by δ breaks the symmetry of the square lattice with respect to rotations by 90
• . This means that M Fig. 6 we compare the total superfluid weight for different values of the staggering parameter δ at zero temperature. We find that for large δ the superfluid weight is linear in U , a fact that is explained by the dominant role of the flat band when the energy gap E gap is much larger than U . Indeed Eq. (36) gives the slope of D s around U = 0. On the contrary, for small δ pronounced deviations from linearity can be seen, an effect due to the other bands geometric contribution D s,geom | o.b. . At δ = 0 this implies that the superfluid weight has a diverging derivative at U = 0. However, the geometric contribution to the superfluid weight from the other band D s,geom | o.b. ensures that the superfluid weight is finite even at δ = 0.
Note how the diagonal components [D s ] x,x = [D s ] y,y are decreasing functions of δ, while for δ = 0 the off-diagonal elements are zero due to rotational symmetry, and their magnitude increases with δ. Eventually, for δ = 1 the superfluid weight tensor has a zero eigenvalue which implies that the superconducting state is unstable (see Fig. 5 in the main text). Indeed, long-range order cannot be established since the unit cells as defined in Fig. 1 in the main text are decoupled. However, the value of the order parameter ∆ A is essentially unaffected at the mean-field level when changing δ as shown in Fig. 3 in the main text. This unphysical behavior is due to the fact that BCS theory captures thermally excited quasiparticles, but not the thermal fluctuations of the order parameter phase or other collective modes. The phase fluctuations are responsible for the collapse of the superconductive order with increasing δ and they are captured by Dynamical Mean Field Theory to some extent (see below).
Appendix B: Exactness of the BCS wavefunction in the isolated flat-band limit
In this section we prove that in case of a bipartite lattice that supports an isolated flat band (U E gap ) the BCS wavefunction becomes an exact ground state when the flat band is partially filled. We start by considering a Hamiltonian with repulsive Hubbard interaction that readŝ
The vectorĉ kσ = (ĉ Akσ ,ĉ Bkσ , . . . ) T collects the field operatorsĉ αkσ relative to the orbitals α = A, B, . . . as defined in the main text. By definition bipartite lattices can be divided into two sublattices, L1 and L2, in such a way that the matrix elements of the single-particle kinetic Hamiltonian H k between states belonging to the same sublattice are all zero. This means that H k has the form
where A k is an arbitrary rectangular matrix with the number of rows (columns) equal to the number of orbitals per unit cell in the L1 (L2) sublattice, given by |L1|/N c (|L2|/N c ). Here |L1| (|L2|) is the number of lattice sites in the L1 (L2) sublattice and N c the number of unit cells. The number of zero eigenvalues of a matrix H k of the form given by Eq. (39) 
is the number of flat bands with zero energy of the kinetic Hamiltonian. Due to the particle-hole symmetry of a Hamiltonian of the form (39) the number of positive (negative) energy bands is given by |L2|/N c . Specifically, in case of the Lieb lattice the L1 sublattice consists of the A and C sublattices and L2 is taken to be the B sublattice, i.e. |L1|/N c = 2 and |L2|/N c = 1 so that N f.b. = 1 as expected.
We further assume that the zero-energy flat bands are separated from the other bands by an energy gap E gap U . At half-filling the total number of particles is N p = (|L1| + |L2|). The negative energy bands are completely filled and accommodate 2|L2| particles. For small U they can be neglected, therefore in the following we denote by |∅ the state with the negative energy bands completely filled. At half-filling the remaining N c N f.b. particles are accommodated in the zero-energy flat bands. According to Lieb theorem [6] , the repulsive Hubbard model of Eq. (38) on a bipartite lattice at half-filling has a ground state with total spin S given by 2S = |L1| − |L2| = N c N f.b. . The condition on the total spin implies that the particles in the flat bands can be only in a completely polarized ferromagnetic state of the form |Ferro = k ud † 0k↓ + vd † 0k↑ |∅ . These states are degenerate due to spin rotational symmetry of Eq. (38) , indeed the parameters u, v are normalized |u| 2 + |v| 2 = 1, but otherwise arbitrary. The repulsive Hubbard model (38) on the Lieb lattice can be mapped to the attractive one by performing the following particle-hole transformationĉ where the kinetic and current operators are defined aŝ
respectively, and are normalized by cell volume V . The Drude weight in the y-direction is defined in the same way by simply changing the unit vector connecting nearest-neighbor unit cells intoŷ and changing the orbital label A → C. In our choices of the finite-size clusters, the computed values of [D] x,x and [D] y,y are numerically the same, and thus in the main text the Drude weight is denoted by D without specifying a direction. The computation of the ground state energy E 0 and the ground state wavefunction |0 is done by using the Lanczos technique, and the second term of D is evaluated through the continued fraction expansion of the regular part of the optical conductivity [13] . The minimum computational memory requirement is 56 GB for half filling in the 18-site cluster and 175 TB for half filling in the 24-site cluster. All fillings are accessible in the 18-site cluster within our implementation of a parallel ED code, while ν = 2.5 is only treated in the 24-site cluster because of our limited computational resources. All the ED results for the fillings ν = 1.5 and ν = 2.5 are shown in Fig. 10 and compared with the BCS results. One can see that ED results converge when the cluster size is increased and are in good agreement with BCS results.
Appendix E: Berezinsky-Kosterlitz-Thouless transition temperatures
In two dimensions the Berezinsky-Kosterlitz-Thouless (BKT) transition temperature T c,BKT is defined by a wellknown universal relation [12] that in our units reads 
We use this formula to compute the transition temperature in our system, where the superfluid weight as a function of temperature D s (T ) is obtained from MF. In Fig. 11 we present T c,BKT as a function of U for half filled flat band (ν = 1.5, blue curve) and for approximately half-filled lower dispersive band (ν ≈ 0.5, red curve) which is equivalent to half-filled upper dispersive band due to particle-hole symmetry of bipartite lattices. To compute the case ν = 0.5 one has to adjust the chemical potential µ for each value of U in order to obtain the required filling for the dispersive band. This causes the small unphysical oscillations seen in the plot. One sees from Fig. 11 that the flat band yields higher transition temperatures by at least a factor of two in comparison with the dispersive bands. The transition temperature is maximized for the flat band around U ≈ 3.5J which yields the value T c,BKT ≈ 0.133J, whereas for the dispersive band the maximum occurs at U ≈ 2.2J with the value T c,BKT ≈ 0.07J. The maximum in the BKT critical temperature coincides approximately with the maximum in the superfluid weight (see Fig. 4 (a) in the main text).
